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•^^ , Abstract 

C~^ . Let G be an inductive limit of finite cyclic groups and let j4 be a unital 

simple projectionless C*-algebra with Ki{A) = G and with a unique tra- 
cial state, as constructed based on dimension drop algebras by Jiang and 
C^ ■ Su. First, we show that any two aperiodic elements in Aut(A)/WInn(j4) 

are conjugate, where WInn(y4) means the subgroup of Aut{A) consisting 
of automorphisms which are inner in the tracial representation. 

In the second part of this paper, we consider a class of unital simple 
C*-algebras with a unique tracial state which contains the class of unital 
simple y4T-algebras of real rank zero with a unique tracial state. This class 
is closed under inductive limits and under crossed products by actions of 
Z with the Rohlin property. Let A be a TAF-algebra in this class. We 
^^ . show that for any automorphism a of A there exists an automorphism 

a oi A with the Rohlin property such that a and a are asymptotically 
unitarily equivalent. In its proof we use an aperiodic automorphism of 
the Jiang-Su algebra. 
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1 Introduction 

The classification theory of automorphisms of von Neumann algebras was stud- 
ied by Connes [2] using the Rohlin property for automorphisms of von Neumann 
algebras. To be specific, he classified automorphisms of the injective type IIi- 
factor up to outer conjugacy. In a case of finite C*-algebras, Kishimoto showed 
some results (for example, [5], [TU], [H], [H]) for classification of automorphisms 
with the Rohlin property adapted to C*-algebras, and in a case of infinite C*- 
algebras, Nakamura |15| classified aperiodic automorphisms of nuclear purely 
infinite simple C*-algebras by KK-class proving the Rohlin property for such 
automorphisms. In order to define the Rohlin properties, these previous works 



considered only C*-algebras of real rank zero. In this paper, we study aperi- 
odic automorphisms of certain unital simple projectionless C*-algebras with a 
unique tracial state, which were constructed by Jiang and Su [5]. Instead of 
the Rohlin property we require the automorphisms to satisfy that any non-zero 
power is not weakly inner in the unique tracial representation. Our first main 
result Theorem 12.61 says that: if two automorphisms of such a unital simple 
projectionless C*-algebra A satisfy the above property, they are conjugate in 
the quotient group Aut(A)/ Wlnn(A), where 

Wlnn(A) = {ae Aut(A) : tt^ o a = Ad VF o tt^, We C/(7r^(A)")}. 

Here r is the unique tracial state of A and tTt is the GNS representation asso- 
ciated with T. Note that we do not require the two automorphisms to have the 
same KK-class and that an automorphism which is weakly inner in the tracial 
representation need not have the same KK-class as the identity automorphism. 

In the second half, we consider an existence problem of automorphisms with 
the Rohlin property for unital simple TAF-algebras, where the class of TAF- 
algebras is introduced by H.Lin [T3] and is shown to include the simple unital 
AH-algebras of real rank zero with slow dimension growth (Elliott and Gong 
[4]). We introduce a technical property called (SI) (where SI stands for small 
isometry for a C* -algebra) which roughly says that if two central sequences of 
projections are given such that one of them is infinitesimally small compared 
to the other in the sequence algebra, then in fact so in the central sequence 
algebra, and we mainly consider a class of unital simple TAF-algebras with the 
property (SI) and with a unique tracial state. The property (SI) is devised to 
satisfy that the class of unital simple C*-algebras with (SI) includes the unital 
simple AT-algebras of real rank zero with a unique tracial state and is closed 
under taking crossed products by automorphisms with the Rohlin property and 
taking inductive limits. Our second result Theorem 14.51 says that if a unital 
TAF-algebra A absorbs the Jiang-Su algebra, and has the property (SI), then 
any automorphism of A is asymptotically unitarily equivalent to a Rohlin au- 
tomorphism. 

The contents of this paper are as follows. In Section 2, we reconstruct a 
certain projectionless C*-algebras in Lemma 12.11 by an adaptation of the con- 
struction of the Jiang-Su algebra, and we prove the first main result Theorem 
12.61 by using this construction and an intertwining argument. In Section 3, 
we introduce the definition of the property (SI), and we show in Proposition 
13.61 that any unital simple AT-algebra of real rank zero satisfies the property 
(SI). We also show the permanence properties of the class Proposition 13 . 71 and 
Proposition 13.91 In Section 4, we show the second main results Theorem 14.51 

Concluding this section, we prepare some notations. When A is a C*-algebra, 
we denote by P{A) the set of projections in A, U{A) the unitary group of A, 
A+ the set of positive elements in A, A^ the set {a e A : \\a\\ < 1}, T{A) the 
tracial state space oi A, Aut{A) the automorphism group oi A, A°° the quotient 
£°° {N , A) / co{A) , and A^ the relative commutant A°° n A'. We define an inner 
automorphism of A by Adu(a) = uau* for u £ U{A) and a e A. We use M„ 



to denote the C*-algebra oi n x n matrices with complex entries. A dimension 
drop algebra means a C*-algebra of the form I[r7io, m, mi] = 

{/ G C([0, 1], M„); /(O) e M,no ® Im/mo' /(I) ^ 1™/™! ® ^^™i}' 

where ttiq and toi are divisors of ?n (see Definition 2.1 in [8 ). We denote by 
(m, n) the greatest common divisor of m, n. When A is a C*-algebra and B is 
a finite dimensional C*-subalgebra of A such that B = ®„=i Md„, we define a 
conditional expectation $b : A ^ A f) B' hy 

N 

$B(a) = ^d-i ^ egaej:\ a e A, 

n=l l<i,j<d„ 

where {e^" } is a system of matrix units of B. 

2 The weakly aperiodic automorphism of pro- 
jectionless C*-algebras 

In this section, first we reconstruct a unital simple projectionless C*-algebra A 
such that A has a unique tracial state t and Ki{A) = G, where G is any abelian 
group obtained as the inductive limit of a sequence of finite cyclic groups. We 
employ a different method from the one used by Jiang and Su in the proof of 
Theorem 4.5 [8] so that we obtain a UHF algebra B such that tTt{A) C B C 
7rT-(A)". Note that, by the uniqueness result in [5], the new A is isomorphic to 
the original one in [S]. Using this B with some additional properties we then 
obtain the weakly outer conjugacy result in Theorem 12.61 

For TTi, n,ro,ri G N with m > ro + ri and s G [0,1], we define continuous 
paths ^j,s in [0, 1] (see ^8j) by 

( St, 1 < j < ro 

^j,s{t) = S *' ro <j <m-ri 

[ (1 — s)t + s, m ~ ri < j < m, 

with t G [0,1]. And we define an injective *-homomorphism ^n,m,ro,ri,s '■ 
C([0, 1]) ® Af„ ^ C([0, 1]) ® M„„ as 

Cn,m,ro.r,Af) = / ° Cl,s © / ° 6,s ® ■ • ■ ® / O ^^^s, I G C([0, 1]) ® M„. 

The proof of the following lemma is an adaptation of the proof of Proposition 

2.5 [g. 

Lemma 2.1. Let Gn he a finite cyclic group "Lg^ for each n G N and let 7„ he 
an injective homomorphism from Gn into Gn+i such that 7n(l„) = Cn+iln+i, 
where 1„ — [1] G Zg^ and g„, g-n+i, o-nd c„+i are natural numhers such that 
Cn+i9n = 9n+i- For any natural numhers p„,g„,fc such that p„ and qn are 
relatively prime and k > gn{Pn + Qn), there exist natural numhers Pn+i, Qn+i- o, 



unitary Un G C/(C([0, 1]) (g) Md„_^-^), and a unital injective *-homomorphism ipn 
fromI[p„,dn,qn] into I[pn+i,dn+i,q„+i] such that 

(p«+l,gn+l) = 1, Pn\Pn+l, g«kn+l, Pn+l/Pn>k, qn+i/qn>k, 
ipn = Adu„0 (^d„,m„,r„,o,r„,i,l/2'^lM,„^J, (ifn)* ^ In, 

where dn = Pn9nqn, nrin = p„+ig„+i/(p„g„), r„_o a^^ ?'n,i are some natural 
numbers, and {(pn)* is the induced map on Ki-group. 

Proof. We obtain a natural number fco such that (fco, (j„) = I, ko = 1 (mod 5„), 
and ko > k (e.g., fco = agnq-n + 1, a G N), and we define Pn+i as Pnko- Similarly 
we obtain a natural number fci such that (fci,p„+i) = 1, fci = 1 (mod g„), and 
fci > fco and we define qn+i as (7„fci. Let r„^Oi T-n.! be natural numbers such that 

fcofci = agnqn+i + rn,o 
== bgnPn+i + rn^i, 

where a, 6 G N, < r„^o < 9nqn+i, and < r„.i < gnPn+i- Remark that 
rn.o = rn,i = 1 (mod g„) and (p„+i,g„+i) = 1. Put m„ = fcofci. By fci > fco > 
fc > gn{Pn + 9n), wc havc that 

nin - (r„,o + rns) > fcl.gn(Pn + ?«) - {gnqnkl + gnPnko) = gnP,i{kl - fco) > 0. 

We denote Cd„,m„,r„,o,r„,i,s by ^g. Since 

6(/)(o) = 0/(o)© f{s) 

i—1 i—l-\-rn^o 

and /(O) G Mp„ lg„q„ for any / e I[p„,d„,g„], 5„g„+i|5„g„r„_o, and .g„g„+i| 
n^n — ^n,o, we obtain uo G U {Mm„d„) independent of s such that 

"0 • 6(/)(0) • uS G Mp„_^, ® ls„<?„+i, 

for any s G [0, 1] and / G l[pm dm qn]- Similarly, since 

6(/)(i)= /W© /(I) 

i—1 i—l-\-mn — ^Ti,i 

and /(I) G l(,„p„ 'X'-M'q^ for any / G I[p„,d„,g„], 5„p„+i|g„p„r„,i, and gnPn+i\ 
nrin — rn,i, we obtain ui G U{Mm„d„) independent of s such that 

"l-6(./)(l)-'"l G lg„p„+i«)M,„ + ,, 

for any s G [0, 1] and / G I[p„, (i„, qn]- Then we obtain a unitary u G U(C{[0, 1])® 
Mm„d„) such that u(0) = uq and w(l) = wi. 

We define an injective unital *-homomorphism tp'^ : C([0, 1]) ® Md„ -^ 
C([0, 1]) ® M„„rf„ by 

^;(/) = Ad./ o ei/2(/), / G C([0, 1]) ® Mrf„. 



Then v?^ satisfies (^^(I[p„, d„, g„]) C I[p„+i,TO„d„, g„+i] by the definition of 
unitaries uq, ui. Let /i be a unitary in I[pn, (i„, g„] such that 

/i(f) = cxp(27rit)e„ + (1^,^ - e„), 

where e„ is a minimal projection of Afd„- We identify [/i] £ -fi'i(I[p„, d„, (/„]) 
as a generator 1„ e Zg„- Since u is independent of s, it follows that ^p'nifi) = 
■"Ci/2(/i)w* and<o(/i)"* arehomotopicinC/(I[p„+i,m„d„,g„+i]). By^o(/i)(0) 
lm„d„ = Co(/i)(l),u^o(/i)u* and^o(/i) arehomotopic in [/(I[p„+i, m„(i„, g„+i]). 
Thus we can conclude that 

K(/i)]i = Ko(/i)]i=r„,i !„ = !„. 

We define a unitary m„ in C([0, l])®Md„^i as w(8)lc„+i and define an injective 
unital *-homomorphism <y9„ : C([0, 1]) ® Afd„ — > C([0, 1]) ® Md„+i by 

(p„ = Adu„ o (^1/2 "X) lc„+i)- 

This <y9„ satisfies the required conditions (p„(I[p„, d„, (7„]) C I[p„+i, rf„+i, g„+i] 
and ((/3„)*(1„) = c„+il„+i in Xi(I[p„+i, (i„+i, g„+i]). I 

Lemma 2.2. Let G be an abelian group which is the inductive limit of a sequence 
of finite cyclic groups. Then there exists a sequence of dimension drop algebras 
An = I[pn,dn,qn] with {pn,qn) — 1 and injective *-homomorphisms (fin ■ An -^ 
An+i satisfying the following conditions: the inductive limit C* -algebra A = 
lim(A„,(^„) is a unital simple projectionless C* -algebra with a unique tracial 

state T such that Ki[A) = G and the probability measure on [0, 1] determined by 
t\a„ is faithful and has support in (0,1) for any n G N, where An is canonically 
regarded as a subalgebra of A. 

Proof. Let Gn be the finite cyclic group Zg^ of order </„ and let 7„ : G„ ^ Gn+i 
be a connecting morphism such that G = lim(G„, 7„). We may assume that 7„ 

is an injective map. For 7„ there exists a natural number x such that 7„(1„) = 
a;c„+il„+i, where .g„+i = c„+i.g„ and 1„ = [1] G Gn- Since 7„ being injective 
implies that {x,gn) — 1, we obtain that jx '■ Gn — > G„ with 73;(lri) = a^ln is an 
isomorphism of G„. Let 7^ : G„ — > Gn+i be a group homomorphism such that 
74(ln) = Cn+iln+i- Sincc 7„ — 7jj o 73., G is isomorphic to the inductive limit 
lim(G„,7^) and thus we may assume that 7ri(ln) = c„_|-il„+i. 

By the above Lemma |2. II we can inductively obtain dimension drop algebras 
An and *-homomorphisms ipn '■ An —^ An+i such that Ki(An) = Gn, (Vn)* = 
7„. Thus the inductive limit G*-algebra A — lim(^„, ipn) satisfies that Ki{A) = 

G. By the construction of </?„ and Lemma 2.7 of ^, A is a simple G*-algebra. 
By the proof of the Proposition 2.8 of 8], A has a unique tracial state r. 
Define a probability measure /i„ on [0, 1] by 

Tipnif)^ f Trrf„(/(t))dM„(i), 
J[0.1] 



for / G An, where ipn is the canonical embedding of An into A. We have to 
show that ^n({0}) — and ^„({1}) — 0. 
Assume that /z„({0}) > 0. Since 

ripnif) - r^n+l^nif) = f Tr,„^, (^(") (/) (i))d^„+i (t) , 

i[oa] 

where ^^^> — ^1/2 ® lc„+i in the proof of Lemma [27T1 and since /„(0) appears in 

£, {f){t) only at t = as c„+ir„^o copies among the Cn+irrin direct summands, 

it follows that 

M„+i({0})^=A*„({0}). 
m„ 

Since ^^ < i, this would lead to /x„+m({0}) > 1 for some m, a contradiction. 

Hence it follows that ^„({0}) — 0, and similarly, that /x„({l}) = 0. I 

The next proposition is based on the Thomsen's theorem [2D] . 

Proposition 2.3. Let G be the inductive limit of a sequence of finite cyclic 
groups. Let A he a simple projectionless C* -algebra which is obtained in Lemma 
\2.2\ for G, T the unique tracial state of A, and tt,- the GNS representation as- 
sociated with T. Then there exists a UHF C* -subalgebra B of iTriA)" and an 
increasing sequence (i?n) of matrix C* -suhalgebras of B such that -KriA) C B, 

-j-j INI 

1b„ ^ ^b, B ^ ((^ Bn) , and 

inriA)nB'J'^nAA)"nB'„. 

Proof. Let A„ and (pn — Ad u„ o ^(") : An -^ An+i be as in the proof of Lemma 
12.21 (i.e.. ^'■"■' = id„,m„,r„ o,rn 1,1/2 ^ lc„+i), ^n the Canonical map from An into 
A, and C„ — C([0, l])^Md^. Remark that ipn was defined as a *-homomorphism 
Cn -^ Cn+i in the proof of Lemma [2.11 Let (/fc) be a sequence of continuous 
functions in C([0, 1]);^ such that /fc(0) = /fe(l) = and fk / x((0, 1)), where 
X((0, 1)) means the characteristic function on (0, 1). We define a map t/j^ : C„ — > 

T^M)" by ^ 

V'n(ff) = lim -Kr O •f>n{{fk ® ld„) • ff), .g G Cn, 

k — >oo 

where the limit is taken in the strong operator topology. It follows that ipn is 
independent of the choice of fk and is an injective *-homomorphisni, as follows. 
Since for g G Cn+, tTt o ^n((/fe ® ld„) ■ 5) is a bounded increasing sequence of 
TTriA), the convergence follows for g £ C„+ and then for any g G C„. For /fe, 
/^ G C([0, 1])^ with the conditions ^.(^) - /(,(z) = 0, ^ = 0, 1,' A / x((0, 1)), 
and fl / x((0, 1)), we have that 



where ||a;[|2 =■ t[x*x). Thus V'n is independent of ju- It is trivial that ?/'« is a 
linear map preserving *. For f,g€ C„, we have that 

i^nifg) = lini7r^o^„((/fc(g)l<i^) -/g) 

= liniTTT- o ifn{(.fl ® ld„) • /) limTT^ o !fn{{.fl ® ld„) • 5) 

= ■4'7iU)i>n{9)- 

Thus ipn is a unital *-homomorphism. Because of the fact that the probabil- 
ity measure on [0, 1] obtained by r o ^„ is supported in (0, 1), we have that 
T^ri^Pnifk 'X' ld„)) -> 1 and that for any / e A„ 

V'n(/) = lim TTr O ^„(/fc (g) ld„) • TT,- O ^„(/) = TT,- O <^„(/), 
fc — >oo 

i.e., '0nU„ = tTt- o ^„. Since 

\\M9)\\l= fTTdA9{tr9{t))dfi{t), 



for 5 e C„, where /i is the probability measure on [0,1] obtained for t\a„, it 
follows that tpnig) = if and only if g = as /i is faithful, i.e., ipn is injective. 
We assert that ipn — "^n+i ° fn on C„. If a bounded sequence gk in C„ 
converges to 5 G C„ pointwise on (0, 1), i.e., in the sense that 9k{t) — > 9{t) for 
i G (0, 1), then it follows that tpnigk) converges to '(/'n(ff) iii the strong operator 
topology as 

Un{9k) - i^{9)\\l < I \\9k{t) - ffWf dA^W, 

where /x is the probability measure as above. Since tl)n — fAn+i ° '^n on An, 
it suffices to show that An is dense in C„ and (p„ : C„ ^ C'n+i is continuous 
in the pointwise topology on (0,1). This follows easily. Thus we have that 
V'ra = V'n+i ° '^n and then we conclude that {'0n(C'n)} is an increasing sequence 
of C* -algebras satisfying 

II 



^M) (Z (\Jijn{Cn)) C7r,(yl) 



-IMI 



We define B as (IJV'n(Cn)) and define a sequence of finite dimensional 
C*-subalgebras Bn of B by 

Bn = V'n o Adw„(lc([o,i]) ® MdJ, 

where w„ = Mn-i^^"""^Hu'„_i) e C„, n e N, wq = mq = Ici, and ^(°) = idci. 
Since 

mn(/) = AdwN+1 O ^W O ^(^-1) O . . . O e(") O Ad<(/), 

for any / G C„, where ipN.n — Vn ° Vn-i ° ■ ■ ■ ° Vm and since 

Bn ^ ifn+1 o Adun o ^(") o Adu;„(l ® MdJ = ^„+i o Ad W„+i o ^(")(1 ® MdJ, 



7 



we have that B„ C i3„+i and Ig^ = Ib^+i- By the definition oi £,^"\ for / G C„ 
there exists a large natural number m such that ^'•'"•' o • ■ • o ^^"•'(/) is almost 
contained in lc([o,i]) "X" Md^^^ (i.e., there exists a; G lc[o,i] ^ -^d„+i such that 
||^Mo...o^(«)(/)-x|| <e). Then 

^n(/) = ^m+l °<Pm,n(/) = V^m+l oAdw;„+i O^f") oe^™-!) O. . .oe(") O Ad<(/) 

is almost contained in Bm+i- It follows that [J Bn is a norm-dense subalgebra 
of B. Since i?„ = Md„, B is a UHF algebra. 

We now ensure the last condition {TTr{A) D B'^)" — TTr{A)" D B'^, where the 
part "c" is obvious. For x G iprniCm) n B',^, there exists y G Cm H (pm-i^n o 
Adwn{l(E)Md„Y such that x — iprniy)- Since 7rT-o^„((/j,® 1^^) -y) is contained 
in TTriA)nB'„, it follows that x G (7ri-(A) fl-B^)". Since for any x G 7r^(A)" flB^ 
there exists Xm G ipmiCm) H i?^ such that Xm — > x (strongly) , we have that 

7rAA)"nB'„c{MA)nB'J'. I 

The following stability lemma was proved by Connes in [2] . 

Lemma 2.4. Let M he the injective type Ili-factor and let r be the unique 
tracial state of M . Suppose that an automorphism 6 of M is aperiodic (i.e., 
0" is outer automorphism for all n G N ^. Then for £ > and a finite subset 
F of M there exist 6 > and a finite subset G of M satisfying the following 
condition: for any unitary u ^ M with \\[u,y]\\2 < S, y d G there exists a 
unitary v ^ AI such that \\u — v6{v*)\\2 < £ and ||[u,a;]||2 < £, x G F, where 
\\x\\2 = t{x*x)^''^ . Furthermore, if F is empty then it may be assumed that G 
is empty. 

In the proof of the main theorem, we need the following fundamental lemma 
for the hyperfinite type //i-factor. 

Lemma 2.5. Let M be the hyperfinite type Ili-factor, t the unique tracial state 
of M , and 9 an automorphism of M . For a finite subset F of M and e > Q, 
there exists a unitary u in M such that \\9{f) — AdM(/)||2 < £ for any f Cz F . 

Proof. Let i^ be a finite subset of AI and £ > 0. There exists a finite dimensional 
C*-subalgebra B oi M such that B is isomorphic to a full matrix algebra and for 
any f ^ F there exists gf G B such that ||/— ff/lb < 2^^£. Let {e^.j} be a system 
of matrix units of B. Since r(ei,i) = r o 0(ei^i), there exists u G Af such that 

v*v = ei^i, vv* = 6{ei^i). We define a unitary u G Af by u = > d{ci^i)vei^i. 



Then we have that 6{h) — Adu(6) for any b ^ B. Thus we have 

\\e{f) - Adu{f)h < \\0{f - 9f)\\2 + II Ad^(/ - gf)h < e. 



The proof of the following main theorem is based on the intertwining argu- 
ment for automorphisms of AF-algebras which is introduced by Evans and Kishi- 
moto ([5]). We recall that WInn(74) denotes the normal subgroup of Aut(A) 
consisting of a G Aut(A) with Tr^a = Adu o ttt for some u G U{TTr{A)"). 



Theorem 2.6. Let A be a unital simple projectionless C* -algebra which is the 
inductive limit of a sequence of dimension drop algebras, as in Lemma \KM such 
that Ki{A) is the inductive limit of a sequence of finite cyclic groups and A 
has a unique tracial state r. If a, (3 G Aut{A) are aperiodic in the quotient 
Aut(A)/ Wlnn(A), then for any e > there exist an approximately inner au- 
tomorphism a £ Aut{A) and 7 e Wlnn(^) with W G U{iTriA)") such that 
TTrl = AdVKo TT^, \\W - III2 < e, and 

a = jo(jof3o a^ . 

Proof. By Proposition 12.31 there exists a UHF C*-subalgebra B of tTt^A)" and 
an increasing sequence of matrix algebras -B„ C B such that TTr{A) C B, 1b„ = 

1b„+i, B = (|Jb„) , and (7r,(A) n B„)" - 7r,(A)" n B^. Let {eg^},,^ be a 
system of matrix units of i?„ and e > 0, and set Bq = CI. 

In the following we will identify Trr{A) with A. Hence if 7 £ Aut(A), 7 
denotes the weak extension of 7 to an automorphism of A" (= TTr{A)"). We 
denote by x Gs Bk the condition that there is y E Bk with ||a; — y\\ < S. 

We shall construct, inductively, finite subsets .P^i+i, G2/+2 of A", U21+1, 
U21+2, V21+1, V21+2 e U{A), k2i+i,k2i+2 e Z+, and 621+1,621+2 > for I = 
0, 1,2, ... satisfying the following conditions: Setting Go = {1}, vq = 1, /jq = 0, 
So = £, a_i = a, /So = 13, Wq = w'l — w'2 — 1, ior I > 

0121+1 = Adu2;+i o a2/-i, (321+2 = Adu2/+2 o /?2/, 

CFf' = Adv2lV2l-2- --Vo, a}^' ^ Adv2l+lV2l-l ■ ■ -vi, 
W2I+I = U2l+ia2l-liv2l + l)v2i^-^ e A, W2I+2 = U2l+2f32liv2l+2)v2l+2 G ^: 

and for ^ > 1, i = 0, 1 

'^21+1+1 = W2i+i+i Adv2i+i+i{w'2i_i+,) e A, 
the conditions are given by 
il)G2iCF2i+u {e[';j'^''>} C F21+1, 

(1)' F21+1 C G21+2, {el^P^'^} C G2,+2, 

(2) II AdM2/+i oa2/-i(a;) - I32i{x)\\2 < 2^^621+1 for any x e F21+1, 
(2)' ||a2/+i(a;) - Adw2/+2 o P2ii^)h < '^^^621+2 for any x e G21+2, 

(3) \\u2i+i-V2i+ia2i-i{v*2i+^)\\2<2-'^'+^h, V2l+l£Af^B'^^^, 

(3)' ||u2,+2 - V2i+2P2i{vli+2)h < 2-^'+^h, V21+2 G ^ H B'^^ , 



Ml>^) 



(4) af'\e'^^') e2-(i+2> Bk,,^^ for any < m < fc; 



21, 



w: 



'21 e2-('+3)6 Bk2i+i , k2i+i > 2k2i, 



(4)' crp^(e|™^) e2-{i+3) Sfe2,+2 for any < TO < k2i+i, 

"^2; + ! *=2-('+4)£ 5/C21+2I k2l+2 > 2fc2/+l, 

(5) <52i+i < 2-^2/, and 

if u e C/(A") satisfies that ||[u,x]||2 < S21+1 for any x € /?2/(-F2/+i), then 
there exists v' G U{A") such that 

||[^;^eg-+^)]||2 < 2-('+^)(dim(Bfc,,^J)-i/2£, ||u-i;'/32,(z;'*)||2 < 2-('+4)e, 

(5)' <52/+2 < 2-i,52;+i, and 

if u e U{A") satisfies that ||[M,a:]||2 < S21+2 for any x G cJ2;+i(G'2/+2), 
then there exists v' € U{A") such that 

||K,e2-+^']||2 < 2-('+^)(dim(S,.,,^J)-i/2e, \\u-v'a2i+i{v'nh < ^-^'^'^e. 

For / ^ 0, set Fi = {f}, G2 = {1}, ui = M2 = 1a, wi = U2 = 1a, h = 
k2 — 0, Si ^ 2^^£, and S2 — 2^^e. The conditions (1)~(4)' are trivially 
satisfied for I — and (5) and (5)' follows from Lemma 12.41 since a, (3 are 
aperiodic automorphisms of A" . Assuming that we have constructed 

-^2; + ! , G2/+2 , ""2/+! , U2;+2, V2I+I, V2I+2 , fe; + i , fc2/+2 , 621+1, S21+2 

for I < n — 1 which satisfy (1)^(5)', we proceed as follows: Note that Um, Vm, 
km, Srn, Wm, and w'^ are now given for m < 2n. Since (T,\ leaves B invariant 
and i(;2„ G B, we can find a k2n+i satisfying (4) for I = n, i.e., k2n+i > 2fc2n 
and for any to, < k2n, 

^n\e-t^^) e2-("+2) 5fe2„+l, W2„ e2-(-^+3)^ 5fe2„+l- 

Since /32„ is an aperiodic automorphism oi A" , there exists a finite subset i^2n+i 
of A" and 52n+i > which satisfy the conditions (1), (5) for / = 71, by Lemma 
12.41 Since A" is the hyperfinite type /Ji -factor, by Lemma [2751 there is a unitary 
U2„+i S A" such that for any x G i^2n+i, 

II Adu2„+i oa2n-lix) - 13 2n{x)\\2 < 2"M2«+1- 

Then there exists a unitary U2n+i G ^ satisfying (2) for Z = n by the Kaplansky's 
density theorem. By the assumption (2)' for I = n — 1 and (1), (2) for / = n, 
U2n+i satisfies that for any x G 6*271, 

||[M2n+i,a2n-i(a;)]||2 = II Ad U2„+i oa2„_i(x) -a2n-i (2^)112 

< II AdM2ri+l oa2n^l{x) - P2nix)\\2 + 2^^62,1 

< 2^^S2n+l + 2^^S2n < hn- 

Then by (5)' for I = n — \ there exists a unitary v' G C/(A") satisfying the 
condition in (5)' for Z = n - 1 with u = W2n+i- Let $b^.^ : A" -> A!' n B^, 
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be the conditional expectation. Since v' almost commutes with {e^ ^" } in the 
sense that 

llK,eg-)]||2<2-("+«)(dim(i3,,J)-i/2e, 

we have that 



By the polar decomposition of $b^ {v') we obtain a unitary v" G U{A" CiB'f. ) 
such that v" ■ I^b^^^ {v')\ = ^s^^^ (v). Since 

we have that |||$b,^^ {v')\ - III2 < 2-("+5)£. Thus v" satisfies that 
\\v" ~ v'\\2 < ||$B,^„ W) - v'h + 2-("+5)£ < 2-("+4)£. 

By A" n Bl^^ ^ {An B'l^^J", there exists a unitary ■i;2n+i e U{A n B^^^) such 
that ||w2n+i - v'h < 2-("+'')e. Then we have that 



\\V2n+ia2; 



>-l(«2„+l)-"2n+l||2 < ^'a2„-l(i;'*)-«2„+l||2 + 2-("+3)e < 2-("+2)£ 



which is the condition (3) for I = n. We have now constructed Frm Um, Vm, 
kjn, and (5„j for rn = 2n + 1 satisfying the conditions with no primes for I — n 
and will construct Gm, Um, v„i, km, and dm for m — 2n + 2 satisfying the 
conditions (1)' ~ (5)' for Z = n in a similar way. Since cr„ leaves B invariant 
and W2„_|_]^ e i?, we can find a large natural number fc2n+2 > 2fc2„+i such that 
for any m < fc2„+i, 

By Lemma 12.41 there are a finite subset G2n+2 of A" and 52n+2 > which 
satisfy (1)', (5)' for I = n. By the same reasoning as above there exists a 
unitary U2n+2 G ^ satisfying (2)' for I — n. By the condition (2) for I — n and 
(1)', (2)' for Z = n, it follows that 

II [""2,1+2, 2:] II 2 < 2"-^52ri+2 + 2""^(52ri+l < S2n+1, X G /32„(F2„+i). 

By (5) for / = n and by A" n i?^^^ ^ = {An B',.^^ J", there exists a unitary 
f2n+2 S U{A n B^^ ) with the condition of (3)' for I = n. This completes the 
induction. 

We note that the linear span of the set lJn^2n+i is strongly dense in A". 
By the conditions (4), (4)' for I = n, we have that for i = 0,1, m < 2n + i, and 
1 < P, <? < dim(i?fc^)^/^, there exists fp"q' e Bk2„^i+i such that 

ii4"^-4^^(4™^)ii<2-("+'+^^. 
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By (3), (3)', wc have that 

lk^|i(e(:^^)-4^He(';^))|l = |IAd^;2„+2+.oa«(eM)_^W(eM)|| 

< II Ad^;2n+2+.(4:;')) - 4r,')l| + 2-("+i+^) 

_ 2-in+l+i) 

Thus for 1 = 0,1 and x G Um^™' "'« (^) i^ ^ norm Cauchy sequence in B. 
Then we can define endomorphisms (7^, z = 0, 1, of i? by 

(Ji{x) = HnicTjY (2^) (norm), x E B. 

n 

It foUows that (Ti{A) C A, 2 = 0,1, since w„ G A. By (3), (3)', we can also 
define endomorphisms a^ of B by 

ari(x) =hm(a«)-i(x), a; e B. 

n 

We can easily prove that ct^ o ct~ = ids — cr~ ° en and thus a^ is indeed the 
inverse of ct^. Since we also have that a^ (A) C A, we conclude that Ci is an 
automorphism of B and restricts to an automorphism of A. 

By (3), (3)', we have that \\w2n+i+z - III2 < 2-("+2+»)e for i = 0, 1 and by 
(4)' for / = n — 1 and by (4) for I — n, there exists W2„_i+i G ^fc2„+i for i = 0, 1 
such that \\w2n-i+i — W2n-i+ill < 2^"+'^e. We have that for n e N and « = 0, 1, 

||W2«-1+* -W^2n+l+*ll2 = \\w'2n-l+^-W2n+l+^Adv2n+l+^iw'2n-l+^)h 

< ll^2„-l+. - Ad«2„+1+.K„-1+.)I|2 + 2-("+2+^)s 
^ 2-{n+2)^ ^ 2-{n+2+i)^ < 2"("+^)e 

Thus we obtain unitaries Wi G U{A") for i = 0, 1 by 

Wi = limw'2„^^+, (strongly), 

n 

which satisfies 

00 

111 - W*||2 < Yl ll^2„-l+^ - W^2„+l+*l|2 < ^'h, I = 0, 1. 
n=l 

By the definition of W2n+i+i, we have that 
a2„+i - Ad^„+i o^i) oao{wlP)-\ /32„ = Ad^„ o^(^") o^ o {a(^^)-\ 
and by (2), (2)', we have that for any n G N and x G -F2n+i, 
||Ad^„+lo4l)oSo(aW)-l(x)-Ad^„oaiO)o^o(^10))-l(a;)||2<2-l<52„+i. 
Since (52n+i ^ by (52n+i < 2^^(52n-ij we have that for any x G A", 
Adwi o CTi o a o (cti)^ (x) = Ad wq oao o f3 o (ao)^ (x), 
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which implies that on A" 

Set a = erf ^U o ctqU e Aut(A) and VF = {aiy^{wlwo) e [/(A"). Then we 
have that AdW{A) = A, \\W - 1||2 < e, and a = Ad W^ o cr o /3 o cr"!. This 
completes the proof. I 

3 The Rohlin property and a certain class of 
TAF-algebras 

First, we recall the definition of the Rohlin property. 

Definition 3.1. Let A be a unital C*-algebra and a be an automorphism of 
A. We say that a has the Rohlin property if there exists fc G N which satisfies 
the following condition: For any finite subset F of A and any e > there exists 
projections {e^ : j — 0, ..., fc — 1} U {e^- '■ j — 0, ..., k} in A such that 



fc-i fc 



(0) ^ Y^ e^.'^ 



=W^ .W 



||a(eyO-ey+ill <e, ^ = 0,1, j ^ 0, ..., fc + i - 2, 

\\[a,ef]\\<e 

for all a e F, i = 0, 1 and j = 0,1, ...,k + i — 1. 

These {e^ } and {e^- } are called Rohlin towers. This definition of the 
Rohlin property was defined by A.Kishimoto in [12] and he showed the stability 
for automorphisms of a unital simple j4T-algebra of real rank zero with the 
Rohlin property defined as above. 

Example 3.2. Let A be the UHF-algebra (2)pprimc -^^p which corresponds to 
the supernatural number obtained by products of all prime numbers. Define an 
automorphism a of A by 

a:= Adsp, 

piprimc 

where Sp is the shift operator in Mp. Then it follows that a has the Rohlin 
property. But this example does not satisfy a version of Rohlin property defined 
through one tower. More information about the Rohlin property appears in [7]. 

In order to prove the main result in the next section, we need the following 
property (SI), where SI means small isometry For unital simple v4T-algebras 
of real rank zero with a unique tracial state, we can see a similar property in 
Lemma 4.6 [H]. 
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Definition 3.3. Let A be a separable unital C*-algebra. We say that the 
order on projections over A is determined by traces ii p,q S P(Moo(A)) with 
t{p) < T{q) for any r £ T{A) satisfy p < q (i-e., there exists w & A such that 
w*w = p and ww* < q), see [T] and [Hj. We say that A has the property (SI), 
if A satisfies that: if a unital C*-algebra B of real rank zero is given such that 
there exists a unital embedding from A into B and the order on projections over 
B is determined by traces, and any sequences (e„)„, (/„)„ G P{B°° n A') with 
Crij /n G ^sa Satisfy the following conditions: 

(1) there exists c > satisfying that: for any p e P{A) and e > there exists 

A'^p g N such that ct{p) — e < r^pfnp) for any n > Np and r £ T{B), 

(2) T(e„) ^ for any r £ r(B), 

then there exists a (i«„)„ £ -B°° n A' such that 

(w„)*(it;„) = (e„), (u;„)(w„)* < (/„), {w„)'^^0. 

Remark 3.4. The above definition is equivalent to the following seemingly 
weaker condition: For any unital C*-algebra B of real rank zero and any (Cn), 
(/„) £ P{B°° r\A') with the same conditions in the above definition, there exist 
a sequence (to„) in N and (w„)„ £ B°° n A' such that 

{Wn)*{Wn) = (em„), {Wn){Wn)* < (/m„), (Wn)^ = 0. 

This equivalence follows from the following reason. Assume that A does 
not have the property (SI). Then there exists a unital C*-algebra B of real 
rank zero, (e„), (/„) £ P{B°° n A') with the above conditions, finite subset 
F <Z A^ , and Eq > satisfying that: for any n £ N there exists N > n such 
that any w G B satisfies \\w*w ~ eAr|| > eo, \\ww* — ww*/Ar|| > Eq, ll^i'^ll > ^o? 
or II [w, a] II > eo, for some a E F. Thus there exists a sequence (/„)„ in N 
satisfying that: any subsequence (mj^) of (/„) and any (w„) £ B°° n A' satisfy 
that {wn)*iwn) ^ {em'J, {wn){wn)* ^ ifm'J, Or (w„)2 7^ 0. But (e;„)„ and 
{fin)n also satisfy the conditions (1) and (2). Hence A does not satisfy the latter 
condition. 

The basic idea for the proof of the following lemma appears in the proof of 
Lemma 2.8 in 17J or the proof of Theorem 4.5 in [TOj . 

Lemma 3.5. Let A be a unital C* -algebra of real rank zero. Suppose that the 
order on projections over A is determined by traces. If non-zero projections e, 
f in A satisfy 2r(e) < t(/) for any t £ T{A), then for any e > there exists a 
partial isometry w € A such that 

w*w — e, WW* < /, \\w II < e. 

Proof. Let e and / be projections in A as in the statement. We set e' = IS^^e^ 
and define continuous functions g, h E C([0, 1])\_ by 

,,. / t/e', 0<t<e' 
^('^= 1, s'<t<l, 
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< t < e' 
e' <t< 2e' 
2e' <t< 1. 



Because h{fef)Ah{fef) is a C*-algebra of real rank zero, there exists q € 
P{h{fef)Ah{fef)) such that 

\\qhifef)^hifef)\\<e/3. 

Set p = f-qe PifAf). Since \\h{fef)fe - fef 

= \\h{fef)fefh{fef) - h{fef)fef - fefh{fef) + fef\\ 
< 2\\hifef)fef-fef\\<2e', 

we have that ||pe|| = ||/e — qfe\\ 

< Ik/e - qh{fef)fe\\ + \\qh{fef)fe - h{fef)fe\\ + \\h{fef)fe ~ fe\\ < e. 

Since the order on projections over A is determined by traces and 

r{p) = r{f-q) = T{f)-T{g{fefY/\gUefY'^) 

> r{f)-T{g{fef))^T{f)^T{g{efe)) 

> r(/)-T(e)>T(e), 

there exists w d A such that w*w = e and ww* < p. This w satisfies that 
\\w^<\\ep\\<s. I 

Proposition 3.6. Any unital simple AT-algebra of real rank zero satisfies the 
property (SI). 

Proof. Let A be a unital simple infinite-dimensional AT-algebra of real rank zero 
and B a unital C*-algebra of real rank zero such that the order on projections 
over B is determined by traces and A Cunitai B. Let (e„)„, (/„)„ € P{B°°C\A'), 
and c > satisfying the following conditions: for any p e P{A) and any e > 
there exists a large natural number Np such that ct{p) — e < ripfnp) for any 
n > Np and any r S T{B), and T(e„) — > for any t S T{B), where we have 
assumed that e„, /„ are all projections. Let _F be a finite subset of A^ and 
£ > 0. By Remark 13.41 it suffices to show that, for any n G N, there exist w € B 
and m > n satisfying the following conditions: |j [w, x]\\ < e for any x G F, 



||w*-u;-e™|| < £, \\ww*~ww*frn\\<£, \\w'^\\ 



< e. 



Indeed, for an increasing sequence of finite subsets {Fn)ne¥i of A^ such that 
IJ Fn is a dense subset of A^ and for a decreasing sequence (£„)„6n such that 
£„ > and £„ — > 0, we can inductively obtain Wn & B, and m„ e N such that 

m„ > TO„_i, \\Wn*Wn - e„,J| < £„, ||w„W„* - WnWn* fmj\ < £«, \\wl\\ < £„, 

and ||[wn,/]|| < £n for any / G F„. Thus we have that (w„)„ G B°° n A', 
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{Wn)*iwn) = (em„), (u'„)(w„)* < (/m„), and {wn)^ = 0, which is equivalent to 
(SI) by Remark [fl 

Since A is a unital simple infinite-dimensional AT-algebra of real rank zero, 
there is an increasing sequence {An)n of C*-subalgebras A„ = Bn® C(T) with 
finite-dimensional C*-algebra i?„ and the norm closure of 1J„ An is isomorphic 
to A. Furthermore we may assume, by modifying injections An C An+i, that 
for any natural number k and N there exists a non-zero projection q ^ AC\ B'j. 
such that (Adukyiq), J — 0; 1j •■•i ^ — 1 are mutually orthogonal projections, 
where Uk is the canonical unitary of lB^, ® C(T) C Ak (see [H]). 

For the finite subset F C A^ , we obtain fc, M e N and a finite subset G of 
[BkY such that 

M 

F C4-ie { Yl bnul;bn e G} c Ak, 

n=-M 

where A C^ B means that for any a £ A there exists b E B such that \\a — b\\ < 
e. Let 5 = (2M(M -f l)y^e and iV e N be such that 2N-^''^ < S. Then, 
assumed as above, there exists a non-zero projection q G A Ci B'f, such that 
(Adufc)-'((7), j = 0, l,...,iV — 1 are mutually orthogonal projections in A. It 
suffices to show that, for any n G N, there exist m > n and w e B D B'^ 
satisfying the following conditions: ||[i(;,Ufe]|l < 6, and 

\\w*w -e„i\\ <e, \\ww*~ww*fni\\<e, ||w^|| < e. 

M 

Indeed, for any f E F there exists 6„ G G such that ||/ — \^ ^nUfeU < 4~"'^e 
and ||6„|| < 1, then it follows that 

M M 



K/]|| < 2-'e+\\wiJ2bnul)-{J2bnKM 

n=-M n=-M 

M 

< 2-h+ Y, \\[w,bnu'^]\\<2-h + M{M + l)S = e. 



n=-M 



Let Bk,q denote the finite dimensional C*-subalgebra G*{Bk U {q}) of A. 
Since ($s,.,(e„))„ = (e„)„ and ($5^^ J/„))n = (/n)n, where $b^^ is the con- 
ditional expectation from B into BOB'),, we may assume that en, fn & P{B fl 
-^fc o) f'^'' ^i^y n € N. Since A is a simple C*-algebra, r £ r(v4) is faithful as a 
state. We denote by {e,- J } a system of matrix units of Bk = ®/=i Affe, . For any 
1 = 1,2, ..., L and r e T{A) we have T(ge^'^i) > 0. Since {r(gef\); r e T{A)} is a 
compact subset of (0, 1] , we set cq = inm{T{qel \);t e T{A), I = 1,2, ...,L} > 0. 

Set £i = min{(2A^)^^e, 2~^cco}. By the assumption for (e„) and (/„), there 
exists a large natural number tiq satisfying the following conditions: || [e„o ,x]\\ < 
ei: ll[/no'a:^]ll < £i for any x e {e||]} U {ui}j=i,2,...,jv-i, cr(gei'^;^) - ei < 
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TifnoQ^ii) for any r G T{B) and any I ~ 1,2,...,L, and T(e„g) < 4 ^ccq 
for any r e T{B). Then we have that for any r G r(i3) and / = 1, 2, ..., L, 

T{fnoqe\\) > CT{qe''^\) - ei > ccq - ei > 2"^cco > 2r(e„J > 2T(e„oeJ" ). 

Since B is of real rank zero and the order on projections over B is determined 
by traces, by Lemma ISTSl there exists Wnl G B such that 

We define ui' G -B by 
Then we have that 

/*/ t 1^ ^ r 11/2 II 

^ .,■, u. J - u, thus w' G B n S[.. 



and [ef |, w'] = 0; thus w' e B n B'^. We define w G B by 



Af-l 

w = N^ ' y ul,w'i 



Then we have that w ^ B O B'f, and 



\\[w,Uk]\\ = II Adukiw) ~ w\\ = iV-i/2||(Adufe)^(u.') - w'll < 2iV-i/2 < ^, 
Since (Adufe)-'(g) are mutually orthogonal and ||[e„o,uy|| < £i, we have that 

W-l JV-l 

Ww - e„J| = ||iV"i ^ ^ ulw'*qu^'ulqw'u^^ - e„Jl 

7V-1 

= ||iV-i^i.>'VV"e„oll 

i=Q 

< El < e. 
Since lll/noi^felll < £i and 

WW* = N-'^^ulw'u'f:'^^ w'* fngU^^ , 

we have that ||ww* — ww* fng\\ 

^ AT— 1 \ ^ II i / — i+i '* -f — i i ' — i+j '* — j -f II 

< N ^\\UkWU^ ■'W fnoU^-' - U^:W U,^ ' W MfcVnoil 

< Nei < e. 
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Since ||[e„(,,uy|| < £i and ||w'^|l < ei, we have that 

< iV-i^ ||4w'e„„w^*+^u;'V|l < 2iV£i < e. 



--no: ^ki 



Proposition 3.7. Let A be a separable unital C* -algebra with a unique tracial 
state and a be an automorphism of A with the Rohlin property. Suppose that 
the order on projections over A is determined by traces, A has the property (SI), 
and the order on projections over AXa'Z, is determined by traces. Then A x q, Z 
also has the property (SI) . 

Proof. Let i? be a unital C*-algebra of real rank zero such that the order on 
projections over B is determined by traces and A x^ Z Cunitai B. Let (e„), 
(/„) G P(B°° n {A Xa Z)') and c> be as in the definition of (SI), i.e., they 
satisfy the following conditions: for any p G P{A x^ Z) and any e > there 
exists iVp G N such that ct{p) — e < T{pfnp), n > Np, t G T{B), and T(e„) -> 
for any r G T{B). 

Let F be a finite subset of {A x^ Z)^ and e > 0. We obtain a finite subset 
Fo of A^ and M eN such that 

M 

F C4-ie { Yl ^""" • ^" '^ ^o}, 
n=-M 

where Uq is the canonical unitary of A x^ Z implementing a. Set 5 — (2(A'/^ + 
3M + 1))^^£. It suffices to show that for any n G N there exist w G B and 
m > n satisfying the following conditions: l|[t(;,a:]|| < 6 for any x £ FqU {ua}, 
\\w*w — Cm II < £, \\ww* — WW* f„i\\ < e, and ||i«^|| < e. Indeed, then for any 

M 

f £ F there exists x„ G Fo such that ||/ — V^ 2;„m^|| < 4:^^e, and we have 

n=-M 
M 

||[u;,/]|| <2-i£+ Y^ \\[w,XnU^]\\<2-h + {M^ + 3M + l)S^e. 

n=-M 

We let A^ G N be such that N > 4(5^^, tq be the unique tracial state of A, 

N 

and G = I J a^ (-fo). Since a has the Rohlin property we can obtain a central 

fc=0 

sequence of projections (p„)„ in A such that (a^ (pn))n are mutually orthogonal 
in P(Aoo) for j = 0, 1, ..., N - 1 and To(p„) -^ l/N. Hence for any q G P{A) 
and e' > there exists ng G N such that for any n > no and any r G T{B) 

T{pn) > N-^ - e', \T{qPn) - T{q)T{pn)\ < s' . 

Thus we have that for any q G P(A) and e' > there exists a large natural 
number Uq such that for any n > Uq and any r G T{B), 

T{qpnq) > N-\{q) - e' . 
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By the condition (1) for /„ and the fact (/„) £ B°° n (A x^ Z)', we inductively 
obtain Z„ S N such that In > In-i, TiPnfinPn) > cT(j>n) — n~^ for any r G T{B), 
and ||[Pn,/;„]|| < n^^ ■ We define a projection /„ from Pnfi„Pn by continuous 
function calculus such that /„ < p„ and ||/„ — PnfinPnW ^ and set e„ = e;^. 
Note that (/„) e P{B°° n yl'). Since A has a unique tracial state, we have that 
for any q e P{A) and r G T(B), 

lim T{fny^T(fnqfn) = T{q), 

which implies that for any q G P{A) and r G T{B), 

lim |r(g./-,g)-T(g)r(/„)|=0. 

n — >oo 

Thus for any q E A and any e' > there exists iVg G N such that for n > Nq 
and T G r(S), 

T(9/„g) > T{Jn)T{q) -e' > {cT{pn) - s')T{q) - s' 

> cN-^T{q)-e'iic+l)T{q) + l). 

Then we can apply the property (SI) of A to (en), (fn) e P{B°° n A'), and for 
£i = (3-/V)~^e we obtain w' € B and m > n such that ttt,^^ < e, ||[w',(7]|| < 
Af- 1/2(5 for any g G G C A, 

||(w')*w'-e„|| <ei, \\w'{w')* -w'{w')*fm\\<si, ||(w')^ll < ^i- 

Moreover, by (e„), (/„) G B°° n {A x^ Z)', by the property on (p„), and by 
II [p„, /;„]|| < n~i, we may assume that for any j = 1, 2, ..., TV, 

l|[em,<]|| <£l, II [//„,<] II <ei, \\a^{Pni)Pm\\<£l, Wim - PmflJ] < £l- 

By replacing w' with fmw'em we may further assume that 

WW < Jm, W W < em- 
N-1 

We define w as TV"^/^ ^ (Adua)^(u;') G S. Then we have 

3=0 

|l[z«,u„]|| = ||Adu„H-u;|| =N-^/^\\Adu^{w')-w'\\ < 2N-^/^ < S, 
and for any f G Fq , 



UK /111 - N-'/^J2^AduUw'),, 



j=o 



< 7v-V2^||K,AdV(/)]ll<^- 
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Sincew'w'* < /,„ < p,„, \\a^{pm)pm]\ < £i, \\w'*w'-em\\ < ei, and ||[e„,u;^]|l < 
£i we have that 

\\w*w-eij\ = ||7V-i^u>'*p„,u-*+Jp„w'V-e„,|| 

< ||7V-i^w>'*w;'V-e™|| + (7V-l)ei 

i 

< \\N-'^^u'J^u-'~e„,\\+Nei 

i 

< {N + l)ei<e. 
Since ||/m — Pm/i,„|| < ^i, we have that 

UK)* - K)*//,JI = Wiwrln - {wTPrnflJl < £1, 

and since |1[/;„,m^]|1 < ei we have that Www* — ww* fi^\\ 

< N-' J2 \Kw'u-'+^w'*u-^ - ul^w'u^'+'w'*u^^fi^^ II 

< 2Nei < e. 

Since |l[e„i,uy|| < £i, \\{w')*w' — Cmll < £i and ||w'^|| < ei, we have that 

\\w^ < 7V-i^||<u;'e„V+^u;'VII 

i,3 

< 7V-1 J2 \Kw'u-'+^ernw'u-m + EiN 

< N-'^ Y^ Wv^^w'u^^+^w'Yw'w'u-^W + 2Nei < 3Nei = e. 



On the assumption for the crossed product in the above proposition, Osaka 
and Philhps showed in |16j that: if A is an infinite dimensional stably finite 
simple unital C*-algebra of real rank zero, the order on projections over A is 
determined by traces, and a E Aut(A) has the tracial Rohlin property, then the 
order on projections over A Xq Z is determined by traces. 

In [17] , Osaka and Phillips proved that the crossed product of a unital simple 
TAF-algebra with a unique tracial state by an automorphism of A with the 
tracial Rohlin property also has a unique tracial state. In JA^, H.Lin proved 
that the crossed product of a unital simple TAF-algebra with a unique tracial 
state by an automorphism of A with the cyclic Rohlin property is also a TAF- 
algebra. If A is a TAF-algebra, it follows from J^ that the order on projections 
over A is determined by traces. Using these results, we can see the following 
corollary. 
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Corollary 3.8. Let A be a separable unital simple C* -algebra with a unique 
tracial state and a an automorphism of A with the Rohlin property. If A is 
a TAF-algebra having the property (SI), then A Xq Z is a TAF-algebra with a 
unique tracial state having the property (SI). 

Before closing this section, we show that the class of TAF-algebras with a 
unique tracial state having the property (SI) is closed under inductive limits. 

Proposition 3.9. Let (An, (pn) be an inductive sequence of separable unital 
simple C* -algebras, where (pn is a unital *-homoniorphisni from A„ into An+i- 
If for any n € N, the order on projections over An is determined by traces and 
An has the property (SI), then the inductive limit C* -algebra lini(A„,(^„) also 

has the property (SI). 

Proof. Let A be the inductive limit C*-algebra of the system (A„, </?„), and (pn 
the canonical map from An into A. Assume that An has the property (SI) for 
any n e N and assume that a C*-algebra B, (e„)„, and (/„)„ G B°° r\A' satisfy 
the assumptions of the property (SI) . Let F„ , n G N be a finite subsets of A^ such 
that Fn C ipn{An) and IJ F„ is a dense subset oi A^ . By the property (SI) of y4.„, 
we inductively obtain Wn G B, and 7Ti„ G N such that ||u'„*w„ — em„|| < n^^ , 
\\wnWn - WnWnfmA < n~^ , \\wn'^\\ < n\ ||[ii;„,a]l| < u^^ for any a G Fn, 
and TUn > run^i. Then we have that (w„)„ G B°° Ci A' , {wn)*iwn) = em„, 

iWn){Wn)* < fra„, and [WnY =0. I 

The inductive limit C*-algebra of a sequence of unital simple TAF-algebras 
with a unique tracial state is also unital simple TAF-algebra with a unique 
tracial state. Thus we obtain the following corollary. 

Corollary 3.10. Let (An, Pn) be an inductive sequence of unital C* -algebras 
with unital homomorphisms ipn and let A be the inductive limit C* -algebras of 
(An, (pn)- If An is a unital simple TAF algebra with a unique tracial state and 
has the property (SI) for any n G N, then so is A. 

4 Realizing automorphisms with the RohUn prop- 
erty 

In this section, using a certain automorphism of the Jiang-Su algebra which 
is aperiodic in Aut(Z)/{AdT/F G Aut(Z) : W G [/(7r^(Z)")} and using the 
property (SI), we shall obtain automorphisms of certain C*-algebras with the 
Rohlin property. 

Let Z be the Jiang-Su algebra defined in [8]. We first remark that Z is 
isomorphic to ®n&i®7=i ^ (P ) ^^^ ^^ define an automorphism (T„ of Z„ = 

n 

(g)2by 
1=1 

Un{xi ® X2 ® ■ ■ ■ ® Xn) = X2 ® X^ ® ■ ■ ■ ® Xn ® Xi. 
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We then define an automorphism a oi Z — ^^^^Zn hy a — 0„gjv^"- I* 
follows that a is an automorphism of Z whose non-zero powers are not weakly 
inner in tt,-. 

A similar argument in the next lemma appeared in the proof of Lemmas 6.3, 
6.4, 6.5, and 6.6 of ijjj. 

Lemma 4.1. Let ^ be a probability measure on the a -algebra of Borel sets of 
[0,1] such that f ^^ J fdfi is a faithful state on C([0,1]), fin be the product 
measure fj, x fi x ■ ■ ■ x fi on [0, 1]", and cr„ be the automorphism of C([0, 1]") 
defined by 

CFnixi (X)X2 • • • <^Xn) = a;2 2:3 (g) • • • ® X„ (g) Xi , Xi G C([0, 1]). 

For any fc G N and £ > 0, there exists m G N and mutually orthogonal positive 
elements /o, /i, ..., fk-i G C{[0, 1]'")+ such that 



„ fc-i 

^^n{fj) = fj+i, j = 0, l,...,A:-2, and / (l-'V/,)^^, 

J[o.il™ 



fc-i 

^^.\, '. •- < £■ 



Proof. For any probability measure fi on [0, 1] as in the assumption, we obtain 
ffra , 5n G C([0, l])i'|_, n G N and a constant c^ < 1 such that 

g^n^g^n^ = 0, n G N, hm /iCgf + .g,W) = 1, 

n— *oo 

c^ > max{/i(g^'') : ? = 0, 1, n G N}, 

where /i(/) means that J fd^. Remark that gn and gn are non-zero elements. 
Set dn = 5„ ' +5n ^-iid Ist ?7i be a large prime number such that 2k /m < e and 
(c^)™ < e/8 and let no e N be such that (^(d„J)'" > 1 - e/4. 
We define 

S — {{h, h, ■■■, Im) '■ h £ {0, 1}, 3i, i' G {1, ..., m} such that k ^ Z^'}. 

Since to is a prime number, x = giil ® g-nl ® • ■ • ®gno with (Zi, li, ..., Zm) G "S* 
satisfies that cr*„(x)a: = for any i — 1,2,..., to— 1. We define an equivalent 
relation ^ on 5 by {hyh, ■■■Jm) ^ (^i,^2' •■•j^m) if there is i G {1,2, ...,to — 1} 
such that crlnigno ,^ ■ ■ ■'^gntT ) = ffrio ®' ' '^Sno" j ^ud define positive elements 
h, G C([0, 1]") by 

(ii,...,i™)es/~ 

where the summation is taken by choosing a representative for each equivalence 
class oi S/ ^. Remark that hi, i = 1,2, ...,m — 1 are mutually orthogonal and 
i^m{hi) = Umihi). Since 

m 
1=1 j=0,l 
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we have that 



> M(rf«o)"-2(c^r 

> ii{da„r-e/4=l-e/2. 



Let a and r be the natural numbers such that m = ak + r and < r < fc 

3 



and define /^ e C([0, 1]")^, j = 0, ..., fc - 1 by 



/o = /il + /ll + fe + ^l+2A; + h /il+(a-l)fe, /j = (^Lifo)- 

Thus we have that /i/j = 0, « ^ j and 

j—1 i—1 i—1 i—ak+1 

> 1 - e/2 - rnm{hi) > 1 - e/2 - fc/m > 1 - £. 



Lemma 4.2. Lei A be a unital TAF-algehra with A ® Z = A. Then for any 
automorphism a of A and any fc e N, there exists a (p„)„ G P{{A ® 2)oo) 
satisfying the following conditions : ((a ® cr)-'(p„))„ are mutually orthogonal as 
projections in (A ® Z)oo for j ~ 0, 1, ..., k — 1, 

fc-i 
t{1a^z - ^{a ® ay{pn)) < n-\ t CT{A® Z), 

and there exists c > satisfying that for any q G P(A Cg) -Z) and e > there 
exists Nq G N such that 

cT{q) -e< T{qpn), TeT{A® Z), n > Nq. 

Proof. Let F be a finite subset of (A (g) Z)^, G a finite subset of P{A (g) Z), 
e > 0, fc > 2, and ei ~ ■^. Since A eg Z is a TAF-algebra, there exists a finite 
dimensional C*-subalgebra B oi A (g) Z satisfying that |[[lB,a:;]|| < ei for any 
X e FUG, {xIb : x e F U G} Ce, B^, and 

T(r)<ei, tgT(A®Z), 
where r = \a®z ~ 1b- Let {e^ H be a system of matrix units of _B ^ ®;=i -^fei • 



Let 6 = (16fcdim(B))-ie and let TV be such that {ef]} (Zs ^(g)6?)Z„ C A®Z. 



n=l 
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It suffices to show that there exists a projection po G {I — r)A ® Z{1 ~ r) Ci B' 
such that \\{a ^ o-y{po)po\\ < e for j = 1, 2, ..., k ~ 1, 

fc-i 
t{Ia<»z -^(a(8)cr)-'(po)) < £, k^^r{q) -e < T{qpo) 

for any r G r(A ® Z), and any q ^ G. This is shown as follows. First, we have 
that for any f & F 

UN,/] II < lbo/(l-r)-/(l-r)poII+ei 
< \\pob-bpo\\ + '3si, 

for some b G B^. Thus ||[poj/]|| < £• Then for an increasing sequence (Fn) of 
finite subsets of {A^Zy with IJ F„ = (^®-E)^ and an increasing sequence (G„) 
of finite subsets of P{A (8) Z) with IJ G„ — P{A^Z), we can inductively obtain 
Pn e P{A(E)Z) such that ||[p„,/]|| < "-"^ for any / G Fn, ||(a®cr)-''(p«)p«|| < n-^ 
foranyj = 1, 2, ..., fc-1, T(lA®z-I]j("®'^)-'bn)) < '^^^ foranyr G T{A(»Z), 
and k~^T{q) ~n^^ < T[qpn) for any r G T{A® Z) and any g G G„. Thus (p„)n 
would satisfy the desired conditions in the lemma. 

Because G([0, 1]) is embedded in Z unitally, by Lemma l4Tl there is a natural 
number m with m > max{fc, N} and mutually orthogonal positive elements 
/o, /i, ■■•, /fe-i e 2™^ such that 

CTm(/j) =/, + !, j = 0, l,...,fc-2, 
fc-i 

j=o 
where ri is the unique tracial state on Z^- Remark that ti(/j) — ti(/o) > 
k~^{l — e/4). We define fj as the image of fj under the natural embedding 
2rn ^ 1a ® 0„eN -2n- Set D = A (x) Z D B' and .go = $s+Cr(/o) e D+, and 

f m _ / Vei: < t < ei 
■^^^^ ''" \ 1, £1 <t< 1. 

If we choose sufficiently large m, then H^o ~ /oil goes to 0. Thus we may assume 
that _ _ 

llffo -fo\\<S and ||/ei(go) - /ei(/o)|| < e/4. 



Since D has real rank zero, Z?r,o '■= (.90-0(1 — r)5o) also has real rank zero. 
Thus there exists a positive element go G Drfl with finite spectrum such that 

M 

50 = X! '^0,iPO,i, PQ,i G -P(^r,o), < Ao,i < 1, 
i=l 

||5o - .90(1 - r)|| < S, and ||/,,(.9o) - feAi^ ~ r)go)\\ < e/4. 
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Wc define a projection po of Drfi C A (Si Z Ci B' a.s J2\ >e Po.i- From po = 
/ei(5o)Po, it follows that 

(a !» ay ipo)po = {a (S ay ipo){a ® ay {fe,{9))feA9)Po- 

Since WfeAg) - /ei((l - r)go)\\ < e/4 and \\feA9o) ~ fe^{fo)\\ < e/4, we have 
that 

\\ia^ayiU{g))f,,ig)\\ < ||(a ® a)^" ((1 - ^/e, (5o))/e,(ffo)(l - r)|| + e/2 

< Wia^ ay if, ,{fo))feAfo)\\+e = e. 

Thus \\{a(g) ay {pa)po\\<e. 

Since .go <Po+eiln,.o: liffo-goCl-?")!! < <^, ^(r) < ei for any r e T(A(X)2'), 
ll/o ^ 5o|| < <5, and ti(1 — T^ /j) < e/4, we have that for any tracial state r of 

3 

A®Z, 

fc-i 
T(U8Z-^(a(8)a)^'(po)) < r(l - ^(a cr)^'(go)) + fcei 
i=o i 

3 

< ri(l2„-^/j) + 2/3£<£. 

3 

Let qeG and t G T{A ® Z). Since G(l - r) Ce^ B\ there is fe G B^ such that 
\\b-q{l-r)\\ < ei and since {e||]} C^ A(g)^^^^^Zn, there is a e (A®{g)^^^ Z„)i 
such that II& — a\\ < 2diva{B)S. Since go < Po + eil, llffo — 5o(l ^ ^)|| < <5, and 
ll/o — 5o|| < <5j we have that for any q G G and r G T(^ (g) Z) 

T(gpo) > T(g.9o) -ei > T(g(l -r)go(l -r)?) -<5-£i 

> T{bgob*)-id + 3si) 

> T{bfob*)-i26 + 3ei) 

> T{afoa*)-{Adim{B)6 + 2S + 3ei) 

= ri(/o)r(aa*)-(4dim(B)(5 + 2(5 + 3ei), 

where the last equality follows from afoa* ~ aa* ® /o G (A (g) ^^^i Z„) (g) Zm- 
Since 

|T(aa*)-r(g)| < |T(aa*) - t(66*)| + |r(6fe*) - r(g(l - r)g)| + |T(r)| 

< 4dim(B)(5 + 3ei, 

we have that Ti(/o)T(aa*) - (4dim(B)(5 + 2(5 + 3ei) 

> TAfoMq)-{Sd[m{B)S + 26 + 6ei) 

> k-W{q) - {4:k)-'^e - (8 dim{B)S + 25 + 6ei) 

> fc- V(g) - e/8 - (1/4 + 1/16 + l/2)e > fc" V(g) - s. 
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Hence T{qpo) > k ^T{q) — e. I 

The basic idea of the proof of the following lemma was appeared in the proof 
of Lemma 4.6 in T2] for a simple imital AT-algebra case. 

Lemma 4.3. Let A be a separable unital C* -algebra of real rank zero and let a 
be an automorphism of A. Suppose the order on projections over A is determined 
by traces, A has the property (SI), and there exists a (pn) G ^(^oo) satisfying 
the following conditions: all p„ are projections, 

{a\pn)){a^ {p„)) = 0, ij^j, i,j = 0,l,...,k-l 

fc-i 
T(l-^a^"(p„))^0, rer(A), 

and there exists a c > satisfying that for any q £ P{A) and e > there exists 
CT{q) -e< T{qpnq), T G T{A), n > Ng. 



Ng eN such that 



Then for any finite subset F of A, e > 0, and fc G N, there exist Cq , e^ ,...,ej^_^,eQ ,ei ,...,e\, 
P{A) and w e t/(C([0, 1]) A) such that J2 4°^ + E ef ^ = ^'^' 

^{0) = 1a, II [w, lc([o,i]) ® x] II < e, xeF, 

\\Adw{l)oa{e'^'^)-eflj<e, i = 0, 1, j = 0,1, ...,k + i - 2, 

||[ej'',a;]|| < e, i^O,l, j ^ 0,1, ...,k + i - I, x e F. 

Proof. Let fc be a natural number and let (p„)„ G P{Aoc) be as in the lemma, 
and let pj^n = a^(Pn), j = 0, 1, ..., fc - 1. We define e^ as 1a - J2jP3,n- 

Since {e'„) and (a(pfc-i,n)), as elements of P{B°° n A') with B — A, satisfy 
the conditions (1), (2) for (e„), (/„) in the property (SI), there exists a (■(«„) G 
Aoo such that 

(W„)*(w„) = (p4), {Wn)(Wn)* < ai{pk-l,n)), (Wn)"^ = 0. 

We define a (m„)„ G U{Aoc) by m„ = z/;„ + w* + 1 — w*w„ — WnW*^, and 
iE„)n G P{Aoo) by En = e'^ +po,n- Note that K)(1a<» - (^«)) = U^ - (^«) 
and ie'„)n < Ad(M„)„ o Q:((pfc_i^„)„). Since (u„) is a self adjoint element there 
exists a {Fn)n G P{Aoo) such that (m„) = 2(F„) — 1. 

We define central sequences (e^- „), j = 0, 1, ..., k by Cj „ = (AdM„oa)-'^'^(e^). 
By iun)ilA^-{En)) = 1a„ -(-En), wc have that {pj^„) > (e'll), j = 0, 1, ..., k- 
1, and thus (e|„)(e£,{) = 0, i^j, i,j = 0,1,.. .,k. Let e^°i := Pj>i - efl for 
/ = 0, 1, ..., fc - 1. Then we have {ef^) G P{A^) and 

AdK) o a((4"^)) = (ef+\^J, J = 0, 1, ...,k- 2, 
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=(l)^^-^.(l) 



AdK) o a((e}:^)) = (e}Vi^ J, J = 0, 1, ..., k - 1, 

By functional calculus we may assume that e^ „, e^-,j are mutually orthogonal 

projections of A such that ^ ■ e^- ^ + ^ ■ e^- „ = 1a and i^„ is a projection of A. 
We define a path of unitaries w„(t) by Wn{t) = Fn + exp(7rit)(l — Fn). If n is 
sufficiently large then it;„(i), e^ „ satisfy the desired conditions. I 

Definition 4.4. Let A and i? be unital C*-algebras. We say that unital *- 
homomorphisnis if and "0 from A to B are asymptotically unitarily equivalent 
if there is a continuous path of unitaries u{t) G U{B), t £ [0, cxd) such that 
(p{a) ~ linit^oo Adu{t)ip{a) for all a € A, which is written as ip ^asym ip- 

For AF-algebras, Katsura and Phillips characterized the existence of auto- 
morphisms with the Rohlin property. In the following theorem, we show the 
existence of automorphisms with the Rohlin property for unital simple nuclear 
TAF-algebras which belongs to the UCT class and with the property (SI). Re- 
mark that any unital simple nuclear TAF-algebra which belongs to the UCT 
class is Z-absorbing (Toms and Winter [H]). Thus the following theorem applies 
to these C*-algebras with property (SI). 

Theorem 4.5. Let A be a unital TAF-algebra which satisfies A ® Z ^ A. 
Suppose that ^-homomorphism ^ : A —^ A(i)Z which is defined by <&(&) = a<S)lz 
is asymptotically unitarily equivalent to the isomorphism between A and A® Z 
and A has the property (SI). Then for any automorphism a of A there exists an 
automorphism a of A such that a has the Rohlin property and a '--^asym S. 

Proof. Let a be an automorphism of A and let ^ be an isomorphism between 
A and A® Z such that ^> -^asym ^- Then it follows that 

a = 'I'"^ O * O a '-asym ^"^ O $ O a 

= f"^ o (a ® cr) o $ -asym *"^ o (a ® cr) o *. 

Then by Lemma [42l we may assume that a has a (p„) G P{Aoo) satisfying the 
condition in Lemma [4.31 for any fc G N. Note that, for any u G U{A)^ Adu o a 
equals a on Aoo- Let Fn be an increasing sequence of finite subsets of A^ such 
that [_}Fn is dense in A^ and equip / = {(«, fc) G N x N; fc < n} with the 
lexicographic order. We will identify (n, 0) with [n ~ 1, n — 1) below. 

Set ai^ = a. We shall construct a(„.fc) G Aut(A) for each (n, fc) G / 
such that a(^ri,k) '^asym Oi(^n,k-i) ^nd that a(n,k) bas Rohlin towers consisting 
of 2fc -I- 1 projections with a centrality condition as described in Lemma 14.31 
More precisely, by applying Lemma 14.31 to a(„jt_i) at each step, we inductively 

construct the following three objects: a sequence of partitions of unity {e^\. G 
P{A);j = 0, 1, ..., fc — 1-l-j, z = 0, 1}, a sequence of unitaries Wn,k in C/(C([0, 1])® 
A), and a sequence of finite subsets Gn,k of A^ for (n, fc) G / satisfying the 
following conditions: 
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\\len!k,j^x]\\ <{n + k)-\ xeGn.k-u * = 0,1, j = 0, 1, ..., fc - 2 + z, 

II Ad«;„,fe(l) o a„,fc-i(e|:,i,^-) - ei'i,+ill < (ri + fc)-\ *, j, 

(H) ||K,fc(i),a;]|| <2-("+'=), a; G G„,fc_i, i, j, tG [0,1], 
w«,fc(0) = 1, 

(m) G„,fc D i^„ U Gn^k-i U a„,fc(G„,fc_i) U {e^'i^l^j U {a„,fc(e^'Jfc^^.)}^J, 

where a„^fe = Adw„jt(l) o Un^k-i- From (11) and (HI), we define an automor- 
phism 3 of j4 by 

a{x) — iim a„.fe(x). 

{n,k) — >oo 

Indeed, for a; £ Gn,k-i we have a„^fe(x) Ri2-("+'=) Adw;„^fe+i(l) o Q!„^fc(a;) = 
an,fe+i(a;) «2-("+'=+i) Adw„,fc+2(1) o Q:n,fe+i(a;) = ari,fc+2(a;) «2-("+'=+2) •••, 
where x ~s y means that ||x — y\\ < S. Then it follows that a„^fe(x) is a 
Cauchy sequence. Since IJ G„ is a dense subset of A^, we conclude that a is an 
endomorphism of A. Similarly, for x G G„.fe, we have that 

Then we also obtain an endomorphism a^^ of A such that 
5"^(x) = Iim a,7fc(2;), a;GMG„,fc. 

{n,k) — >oo ' ^"^ 

We can easily prove that a o a^^ = id a = 5^^ o a and thus a^^ is indeed the 
inverse of a and 5 is an automorphism. 

Define a continuous path of unitaries w{t) G U{A), t G [0, oo) by 

w{t) = Wn,k{nt - n{n - 1) - (fc - l))w„,fc-i(l) • ■ • wia{1), 

(n - 1) + n"^(fc - 1) < t < (n - 1) + n^'^k. 
Since Wn.k{t) almost commutes with Gn.k-i for any t G [0, 1], we have that for 

X G Gn.k 

a{x) = Iim Aduj(t) oq!(x). 

t — >oc 

Thus a '-^^asyrn «• From (I), when we fix fc, (e„ ^i. ,)nGN is a central sequence in 
P{A). From (I) and (HI) we have that 

«2-("+'=+i) Adw„^fe+i(l) o an^k{e„^k.j) = "«.fe+i(si fcj) 
«2-("+'=+2) Adw„^fe+2(1) o a«,fc+i(e„fe j) = an,fc+2(e„ ,, j) « • • ■ . 
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Then \\a{e%^^) - e%^^^^\\ < 2(n + k)-\ Thus we have that a{(e%^^)^) = 

i^n k 7+1)" ^'-'^ ^^y i = 0, 1 and any j = 0, 1, ..., k — 2 + i, which shows that a 
has the Rohhn property. This completes the proof. I 
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